For concreteness, the discussion here is limited to projective varieties which are Calabi-Yau (most of it could be carried out in much greater generality, in particular the integrability assumption on the complex structure plays no real role). The first step will be to remove a hyperplane section from the variety. This makes the symplectic form exact, which simplifies the pseudo-holomorphic map theory considerably. Moreover, as far as Fukaya categories are concerned, the affine piece can be considered as a first approximation to the projective variety. This is a fairly obvious idea, even though its proper formulation requires some algebraic formalism of deformation theory. A basic question is the finite-dimensionality of the relevant deformation spaces. As Conjecture 4 shows, we hope for a favourable answer in many cases. It remains to be seen whether this is really a viable strategy for understanding Fukaya categories in interesting examples.
Lack of space and ignorance keeps us from trying to survey related developments, but we want to give at least a few indications. The idea of working relative to a divisor is very common in symplectic geometry; some papers whose viewpoint is close to ours are [12, 16, 3, 17] . There is also at least one entirely different approach to Fukaya categories, using Lagrangian fibrations and Morse theory [8, 15, 4] . Finally, the example of the two-torus has been studied extensively [18] .
Symplectic cohomology
We will mostly work in the following setup: Consider a holomorphic map u : Σ → X, where Σ is a closed Riemann surface. The symplectic area of u is equal (up to a constant) to its intersection number with D. When counting such maps in the sense of Gromov-Witten theory, it is convenient to arrange them in a power series in one variable t, where the t k term encodes the information from curves having intersection number k with D. The t 0 term corresponds to constant maps, hence is sensitive only to the classical topology of X. Thus, for instance, the small quantum cohomology ring QH * (X) is a deformation of the ordinary cohomology H * (X).
As we've seen, there are only constant holomorphic maps from closed Riemann surfaces to M = X \ D. But one can get a nontrivial theory by using punctured surfaces, and deforming the holomorphic map equation near the punctures through an inhomogeneous term, which brings the Reeb dynamics on ∂M into play. This can be done more generally for any exact symplectic manifold with contact type boundary, and it leads to the symplectic cohomology SH * (M ) of Cieliebak-FloerHofer [2] and Viterbo [26, 27] . Informally one can think of SH * (M ) as the Floer cohomology HF * (M \ ∂M, H) for a Hamiltonian function H on the interior whose gradient points outwards near the boundary, and becomes infinite as we approach the boundary. For technical reasons, in the actual definition one takes the direct limit over a class of functions with slower growth (to clarify the conventions: our [26] ). The algebraic structure of symplectic cohomology is different from the familiar case of closed M , where one has large quantum cohomology and the WDVV equation. Operations SH * (M ) ⊗p → SH * (M ) ⊗q , for p ≥ 0 and q > 0, come from families of Riemann surfaces with p + q punctures, together with a choice of local coordinate around each puncture. The Riemann surfaces may degenerate to stable singular ones, but only if no component of the normalization contains some of the first p and none of the last q punctures. This means that if we take only genus zero and q = 1 then no degenerations at all are allowed, and the resulting structure is that of a Batalin-Vilkovisky (BV) algebra [10] . For instance, let M = D(T * L) be a unit cotangent bundle of an oriented closed manifold L. Viterbo [27] computed that SH * (M ) ∼ = H n− * (ΛL) is the homology of the free loop space, and a reasonable conjecture says that the BV structure agrees with that of Chas-Sullivan [1] .
Returning to the specific situation of Assumption 1, and supposing that U has been chosen in such a way that the Reeb flow on ∂M becomes periodic, one can use a Bott-Morse argument [19] to get a spectral sequence which converges to SH * (M ). The starting term is
It might be worth while to investigate this further, in order to identify the differentials (very likely, a version of the relative Gromov-Witten invariants [12] for D ⊂ X). But even without any more effort, one can conclude that each group SH k (M ) is finite-dimensional. In particular, assuming that dim C (X) > 2 (and appealing to hard Lefschetz, which will be the only time that we use any algebraic geometry) one has
Fukaya categories
M (taken as in Assumption 1) is an exact symplectic manifold, and there is a welldefined notion of exact Lagrangian submanifold in it. Such submanifolds L have the property that there are no non-constant holomorphic maps u : (Σ, ∂Σ) → (M, L) for a compact Riemann surface Σ, hence a theory of "Gromov-Witten invariants with Lagrangian boundary conditions" would be trivial in this case. To get something interesting, one removes some boundary points from Σ, thus dividing the boundary into several components, and assigns different L to them. The part of this theory where Σ is a disk gives rise to the Fukaya A ∞ -category F(M ).
The basic algebraic notion is as follows. An A ∞ -category A (over some field, let's say Q) consists of a set of objects Ob A, and for any two objects a graded Q-vector space of morphisms hom A (X 0 , X 1 ), together with composition operations
These must satisfy a sequence of quadratic "associativity" equations, which ensure that µ A -cohomology in degree zero, one obtains an ordinary Q-linear category, the induced cohomological category H 0 (A) -actually, in complete generality H 0 (A) may not have identity morphisms, but we will always assume that this is the case (one says that A is cohomologically unital).
In our application, objects of A = F(M ) are closed exact Lagrangian submanifolds L ⊂ M \ ∂M , with a bit of additional topological structure, namely a grading [14, 22] and a Spin structure [9] . If L 0 is transverse to L 1 , the space of
is generated by their intersection points, graded by Maslov index. The composition µ d A counts "pseudo-holomorphic (d + 1)-gons", which are holomorphic maps from the disk minus d + 1 boundary points to M . The sides of the "polygons" lie on Lagrangian submanifolds, and the corners are specified intersection points; see Figure 1 . There are some technical issues having to do with transversality, which can be solved by a small inhomogeneous perturbation of the holomorphic map equation. This works for all exact symplectic manifolds with contact type boundary, satisfying c 1 = 0, and is quite an easy construction by today's standards, since the exactness condition removes the most serious problems It is worth while emphasizing that, unlike the case of Gromov-Witten invariants, each one of the coefficients which make up µ d A depends on the choice of perturbation. Only by looking at all of them together does one get an object which is invariant up to a suitable notion of quasi-isomorphism. To get something which is well-defined in a strict sense, one can descend to the cohomological category H 0 (F(M )) (which was considered by Donaldson before Fukaya's work) whose morphisms are the Floer cohomology groups, with composition given by the "pairof-pants" product; but that is rather a waste of information.
At this point, we must admit that there is essentially no chance of computing F(M ) explicitly. The reason is that we know too little about exact Lagrangian submanifolds; indeed, this field contains some of the hardest open questions in symplectic geometry. One way out of this difficulty, proposed by Kontsevich [14] , is to make the category more accessible by enlarging it, adding new objects in a formal process, which resembles the introduction of chain complexes over an additive category. This can be done for any A ∞ -category A, and the outcome is called the A ∞ -category of twisted complexes, T w(A). It contains the original A ∞ -category as a full subcategory, but this subcategory is not singled out intrinsically, and very different A can have the same T w(A). The cohomological category D b (A) = H 0 (T w(A)), usually called the derived category of A, is triangulated (passage to cohomology is less damaging at this point, since the triangulated structure allows one to recover many of the higher order products on T w(A) as Massey products). For our purpose it is convenient to make another enlargement, which is Karoubi or idempotent completion, and leads to a bigger A ∞ -category T w π (A) ⊃ T w(A) and triangulated category D π (A) = H 0 (T w π (A)). The main property of D π (A) is that for any object X and idempotent endomorphism π : X → X, π 2 = π, there is a direct splitting X = im(π) ⊕ ker(π). The details, which are not difficult, will be explained elsewhere.
Picard-Lefschetz theory
We will now restrict the class of symplectic manifolds even further: This gives a natural source of Lagrangian spheres in M , namely the vanishing cycles of the Lefschetz pencil. Recall that to any Lagrangian sphere S one can associate a Dehn twist, or Picard-Lefschetz monodromy map, which is a symplectic automorphism τ S . The symplectic geometry of these maps is quite rich, and contains information which is not visible on the topological level [20, 21, 22] . The action of τ S on the Fukaya category is encoded in an exact triangle in T w(F(M )), of the form
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Hochschild cohomology
The Hochschild cohomology HH * (A, A) of an A ∞ -category A can be defined by generalizing the Hochschild complex for algebras in a straightforward way, or more elegantly using the A ∞ -category f un(A, A) of functors and natural transformations, as endomorphisms of the identity functor. A well-known rather imprecise principle says that "Hochschild cohomology is an invariant of the derived category". In a rigorous formulation which is suitable for our purpose,
This is unproved at the moment, because T w π (A) itself has not been considered in the literature before, but it seems highly plausible (a closely related result has been proved in [13] ). Hochschild cohomology is important for us because of its role in deformation theory, see the next section; but we want to discuss its possible geometric meaning first.
Let M be as in Assumption 1 (one could more generally take any exact symplectic manifold with contact type boundary and vanishing c 1 ). Then there is a natural "open-closed string map" from the symplectic cohomology to the Hochschild cohomology of the Fukaya category:
This is defined in terms of Riemann surfaces obtained from the disk by removing one interior point and an arbitrary number of boundary points. Near the interior point, one deforms the holomorphic map equation in the same way as in the definition of SH * (M ), using a large Hamiltonian function; otherwise, one uses boundary conditions as for F(M ). Figure 2 shows what the solutions look like.
HH
* (A, A) for any A carries the structure of a Gerstenhaber algebra, and one can verify that (5) is a morphism of such algebras. Actually, since SH * (M ) is a BV algebra, one expects the same of HH * (F(M ), F(M )). This should follow from the fact that F(M ) is a cyclic A ∞ -category in some appropriate weak sense, but the story has not yet been fully worked out (two relevant papers for the algebraic side are [25] and [24] ).
Conjecture 4. If M is as in Assumption 2, (5) is an isomorphism.
Assumption 2 appears here mainly for the sake of caution. There are a number of cases which fall outside it, and to which one would want to extend the conjecture, but it is not clear where to draw the line. Certainly, without some restriction on the geometry of M , there can be no connection between the Reeb flow on ∂M and Lagrangian submanifolds?
Deformations of categories
The following general definition, due to Kontsevich, satisfies the need for a deformation theory of categories which should be applicable to a wide range of situations: for instance, a deformation of a complex manifold should induce a deformation of the associated differential graded category of complexes of holomorphic vector bundles. By thinking about this example, one quickly realizes that such a notion of deformation must include a change in the set of objects itself. The A ∞ -formalism, slightly extended in an entirely natural way, fits that requirement perfectly. The relevance to symplectic topology is less immediately obvious, but it plays a central role in Fukaya, Oh, Ohta and Ono's work on "obstructions" in Floer cohomology [9] (a good expository account from their point of view is [5] ).
For concreteness we consider only A ∞ -deformations with one formal parameter, that is to say over Q [[t] ]. Such a deformation E is given by a set Ob E of objects, and for any two objects a space hom E (X 0 , X 1 ) of morphisms which is a free graded Q[[t]]-module, together with composition operations as before but now including a 0-ary one: this consists of a so-called "obstruction cocycle"
for every object X, and it must be of order t (no constant term). There is a sequence of associativity equations, extending those of an A ∞ -category by terms involving µ 0 E . Clearly, if one sets t = 0 (by tensoring with Q over Q[[t]]), µ 0 E vanishes and the outcome is an ordinary A ∞ -category over Q. This is called the special fibre and denoted by E sp . One says that E is a deformation of E sp .
A slightly more involved construction associates to E two other A ∞ -categories, the global section category E gl and the generic fibre E gen , which are defined over Q [[t] ] and over the Laurent series ring
, respectively. One first enlarges E to a bigger A ∞ -deformation E c by coupling the existing objects with formal connections (the terminology comes from the application to complexes of vector bundles).
Objects of E c are pairs (X, α) consisting of X ∈ Ob E and an α ∈ hom 1 E (X, X) which must be of order t. The morphism spaces remain the same as in E, but all the composition maps are deformed by infinitely many contributions from the connection. For instance,
E gl ⊂ E c is the full A ∞ -subcategory of objects for which (7) is zero; and E gen is obtained from this by inverting t. The transition from E sp to E gl and E gen affects the set of objects in the following way: if for some X one cannot find an α such that (7) vanishes, then the object is "obstructed" and does not survive into E gl ; if on the other hand there are many different α, a single X can give rise to a whole family of objects of E gl . Finally, two objects of E gen can be isomorphic even though the underlying objects of E sp aren't; this happens when the isomorphism involves negative powers of t.
The classification of A ∞ -deformations of an A ∞ -category A is governed by its Hochschild cohomology, or rather by the dg Lie algebra underlying HH * +1 (A, A), in the sense of general deformation theory [11] . We cannot summarize that theory here, but as a simple example, suppose that HH 2 (A, A) ∼ = Q. Then a nontrivial A ∞ -deformation of A, if it exists, is unique up to equivalence and change of parameter t → f (t) (to be accurate, f (t) may contain roots of t, so the statement holds over
. The intuitive picture is that the "versal deformation space" has dimension ≤ 1, so that any two non-constant arcs in it must agree up to reparametrization.
In the situation of Assumption 1, the embedding of our exact symplectic manifold M into X should give rise to an A ∞ -deformation F(M ⊂ X). We say "should" because the details, which in general require the techniques of [9] , have not been carried out yet. Roughly speaking one takes the same objects as in F(M ) and the same morphism spaces, tensored with Q[[t]], but now one allows "holomorphic polygons" which map to X, hence may intersect the divisor D. The numbers of such polygons intersecting D with multiplicity k will form the t k term of the composition maps in F(M ⊂ X). Because there can be holomorphic discs bounding our Lagrangian submanifolds in X, nontrivial obstruction cocycles (6) may appear.
The intended role of F(M ⊂ X) is to interpolate between F(M ), which we have been mostly discussing up to now, and the Fukaya category F(X) of the closed symplectic manifold X as defined in [9, 6] . The t 0 coefficients count polygons which are disjoint from D, and these will automatically lie in M , so that
The relation between the generic fibre and F(X) is less straightforward. First of all, F(M ⊂ X) gen will be an A ∞ -category over Q[t −1 , t]], whereas F(X) is defined over the Novikov ring Λ t . Intuitively, one can think of this difference as the consequence of a singular deformation of the symplectic form. Namely, if one takes a sequence of symplectic forms (all in the same cohomology class) converging towards the current [D] , the symplectic areas of holomorphic discs u would tend to the intersection number u · D. A more serious issue is that F(M ⊂ X) gen is clearly smaller than F(X), because it contains only Lagrangian submanifolds which lie in M . However, that difference may disappear if one passes to derived categories:
Conjecture 5. In the situation of Assumption 2, there is a canonical equivalence of triangulated categories
In comparison with the previous conjecture, Assumption 2 is far more important here. The idea is that there should be an analogue of Theorem 3 for D π (F(X)), saying that this category is split-generated by vanishing cycles, hence by objects which are also present in F(M ⊂ X).
To pull together the various speculations, suppose that Y = CP n+1 for some n ≥ 3; X ⊂ Y is a hypersurface of degree n + 2; and D ⊂ X is the intersection of two such hypersurfaces. Then D π (F(M )) is split-generated by finitely many objects, hence T w π (F(M )) is at least in principle accessible to computation. Conjecture 4 together with (2), (4) tells us that HH 2 (F(M ), F(M )) ∼ = HH 2 (T w π (F(M )), T w π (F(M ))) is at most one-dimensional, so an A ∞ -deformation of T w π (F(M )) is unique up to a change of the parameter t. From this deformation, Conjecture 5 would enable one to find D π (F(X)), again with the indeterminacy in the parameter (fixing this is somewhat like computing the mirror map).
